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Abstract
In this paper we give a definition of the character table for a Hopf algebra H over a commutative
field k of characteristic 0. When H is a finite-dimensional, semisimple, Hopf algebra over an
algebraically closed field k of characteristic 0, we obtain a formula for the character table which
extends the notion of character table for a finite group.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
1.1. The theory of Hopf algebras provides a natural context for the study of finite groups,
and the abstract study allows one to rediscover and improve the results of the latter. On the
other hand, a great number of results in the theory of finite groups can be generalized for
the Hopf algebras. We can therefore develop a unified theory and exhibit these similarities,
which are quite remarkable, but the methods of the proofs in the framework of Hopf
algebras are, in general, quite different and more subtle.
Similarly, this relation between the theory of Hopf algebras and the theory of finite
groups allows one to find solutions for certain problems in group theory by moving away
from their combinatorial aspect and by expressing many properties, which seem rather
fortuitous, via the dual structure.
Recently important progress has been made on the study of representation theory
of finite-dimensional Hopf algebras (cf. [1,2,7,8,16,17,22,24]). Moreover by studying
the different representations of finite-dimensional Hopf algebras, it is possible to prove
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conjecture (cf. [20]). In the present paper, we study the characters of two actions of D(H)
on H in order to establish the character table for a Hopf algebra.
1.2. Namely, let H be a Hopf algebra with a bijective antipode over a field k of
characteristic 0 and let D(H) be its Drinfel’d double. It is known that H admits an action
of D(H) (see formula (14)) and H admits an action of D(H) (see formula (16)). The
main result of our paper shows that these two actions form the character table for the Hopf
algebra H , which extends the notion of the character table for the group algebra of a finite
group. Then we have at our disposal a new interpretation of the latter due to the progress
made in the Hopf algebras, which gives us quite a remarkable classification of simple
modules by revealing another class of modules.
1.3. The paper is organized as follows. In Section 2 we give a very brief description of
the underlying Hopf algebra structure Dφ(B,C) of the Drinfel’d double version defined
in [3, 1.1.8] and we define actions of Dφ(B,C) on C and the actions of Dφ˜(Cop,Bop) on
Bop. In Lemma 1 we have a short proof of the semisimplicity of Dφ(B,C) without using
the notion of integral. In particular, when C =H and B = (H)op, where H is the Hopf
dual algebra of H , we obtain the version of the Drinfel’d double D(H) obtained by [13]
and we define actions of D(H) on H and the actions of D(H) on H.
In Section 3 by Lemma 3 we explore the connection between the two actions (14) and
(17) which play an important role in the sequel.
In Section 4 we give a definition of the character table for a Hopf algebra over a
commutative field k of characteristic 0. Then we have a new approach of the character
table for a finite group. When H is a finite-dimensional Hopf algebra over a commutative
field k of characteristic 0, using the two actions (14) and (17) A. Joseph suggested another
definition of the character table for a Hopf algebra H .
In Section 5 we give a formula of the character table for a finite-dimensional semisimple
Hopf algebra over an algebraically closed field of characteristic 0.
In the last section, we compute the character table of a semisimple Hopf algebra of
dimension 8. As an immediate consequence, we obtain the orthogonality relations and the
formula of the class equation.
2. The abstract theory
2.1. Let us fix some general conventions valid for any Hopf algebra H over a
commutative field k. The augmentation, coproduct and antipode are denoted by εH , ∆H ,
σH though the subscript may be omitted in the cases when that does not lead to confusion.
We write ∆(h) = h1 ⊗ h2 in the summation convention of [3, 1.1.8], used throughout.
We always assume σ is invertible and then σ−1 is an antipode for the Hopf algebra
H op with the opposite product and for the Hopf algebra Hop with the opposite coproduct
∆op(h)= h2 ⊗ h1. Finally, ⊗ stands for ⊗k and H ∗ denotes the linear dual.
Recall (see, for example, [3, 3.2.1] and [4]), that a skew-Hopf pairing φ of Hopf algebras
B,C is a k-bilinear map φ :B ×C→ k satisfying
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φ
(
b, cc′
) = (φ × φ)(∆B(b), c⊗ c′), (2)
φ
(
bb′, c
) = (φ × φ)(b⊗ b′,∆opC (c)), (3)
φ
(
σB(b), c
) = φ(b,σ opC (c)). (4)
2.2. Recall (see, for example, [3, 3.2.2]), that given a skew-Hopf pairing φ :B×C → k,
the Drinfel’d doubleDφ(B,C) is B⊗C as a coalgebra and as an algebra has multiplication
defined by
(a⊗ c)(b⊗ d)= φ(b1, σC(c1))(ab2 ⊗ c2d)φ(b3, c3). (5)
The antipode σB⊗C and the counit εB⊗C of Dφ(B,C) are given by
σB⊗C(b⊗ c) =
(
1B ⊗ σC(c)
)(
σB(b)⊗ 1C
)
,
εB⊗C(b⊗ c) = εB(b)εC(c).
Recall that C is a Bop-bimodule for the action b′ φ◦ c φ◦b = φ(b, c1)c2φ(b′, c3) for all
c ∈C, b, b′ ∈B . Then (5) can be written as
(a ⊗ c)(b⊗ d)= ab2 ⊗
(
b3
φ◦ c φ◦σ opB (b1)
)
d.
On the other hand, B is a C-bimodule for the action c′ φ•b φ• c= φ(b1, c)b2φ(b3, c′) for all
b ∈ B, c, c′ ∈ C. Then (5) can be written as
(a ⊗ c)(b⊗ d)= a(c3 φ•b φ•σ(c1))⊗ c2d.
2.3. Recall that C has a left C-module structure defined by (adlφ,β c)u= (β
φ◦ c1)uσ(c2),
where β is a group-like element of B , if β = 1, we obtain the usual adjoint action, and one
has ∆((adlφ,β c)u)= c1u1σ(c3)⊗ (adlφ,β c2)u2. Thus C becomes a left Dφ(B,C)-module
defined by
(b⊗ c) φ,β u= ((adlφ,β c)u) φ◦b = (adlφ,β c2)(u φ◦ (σ(c3) φ•b φ• c1)). (6)
Furthermore C admits a right adjoint action of C defined by (adr c)c′ = σ(c1)c′c2 and one
has ∆((adr c)c′) = (adr c2)c′1 ⊗ σ(c1)c′2c3. Then the right action of Dφ(B,C) on C (via
φ
) is defined as follows:
u
φ
 (b⊗ c)= (adr c)(b φ◦u)= σ(c1)u1c2φ(b,u2). (7)
One may easily check that (uv)
φ
 (b⊗ c)= (u φ (b1 ⊗ c1))(v
φ
 (b2 ⊗ c2)).
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module structure for the action u.b = u2φ(b,σ (u1)gu3) for all b ∈ B,u ∈ C and group-
like elements g of C. Then C becomes a right Dφ(B,C)-module defined by
u
φ,g (b⊗ c)= u2cφ
(
u3
φ•b φ•σ(u1), g
)
. (8)
Similarly, we have the left action of Dφ(B,C) on (C) (via
φ,g ) defined by
(b⊗ c) φ,g u= c2u2φ
(
b, c1u1gσ(c3u3)
)= (σ opB (b4) φ◦ c φ◦b1)(σ opB (b3 φ•g) φ◦u φ◦b2). (9)
Set φ˜(c, b) := φ(b, c). Then φ˜ is a skew-Hopf pairing of Hopf algebras Cop, Bop. If B and
C are finite-dimensional Hopf algebras the connection between
φ˜,1B and φ is given by
φ
(
b′ φ˜,1B (c⊗ b), c′)= φ(b′, c′ φ (b⊗ c)). (10)
For g a group-like element in C, from (6) and by immediate computation the action of
Dφ˜(C
op,Bop) on Bop (via φ,g ) is described as follows:
(c⊗ b) φ,g b′ = ((adlφ,g b)b′) φ◦ c= (adlφ,g b2)(b′ φ• (σBop(b3) φ◦ c φ◦ b1)), (11)
where (adlφ,g b)b′ = (g
φ•b1) op· b′ op· σBop(b2).
Also, for δ a group-like in B the action of Dφ˜(C
op,Bop) on Bop (via φ˜,δ ) is given by
b′ φ˜,δ (c⊗ b)= b′2
op· bφ˜(b′3 φ◦ c φ◦σBop(b′1), δ). (12)
2.4. Let B and C be finite-dimensional Hopf algebras over an algebraically closed field
k of characteristic 0 and let φ :B × C → k, A. Joseph suggested a short proof for the
semisimplicity of Dφ(B,C), which does not use the notion of integral.
Lemma 1. If B and C are semisimple then Dφ(B,C) is semisimple.
Proof. Clearly Dφ(B,C)∗ is an algebra with the tensor product multiplication. Then
Dφ(B,C)
∗ is semisimple since B and C are semisimple. Consequently by [10] we obtain
that Dφ(B,C) is semisimple. ✷
2.5. Let H be a Hopf algebra (not necessarily finite-dimensional) and H ∗ the linear
dual of H . Recall (see, for example, [15]) that the Hopf dual H of H is defined to be the
set of ξ ∈H ∗ which vanish on an ideal I of H of finite codimension. In the special case,
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skew-Hopf pairing of the pair (H)op, H and by (5) the multiplication in D〈 , 〉((H)op,H)
is given by
(γ ⊗ h)(ξ ⊗ l)= 〈ξ1, σ (h1)〉(γ ξ2 ⊗ h2l)〈ξ3, h3〉. (13)
We can easily check that the skew-Hopf pairing 〈 , 〉 of the pair (H)op, H is just the
evaluation of H on H and one simply writes D(H) for D〈 , 〉((H)op,H).
Of course, (13) is just the algebra structure defined by the Drinfel’d double in [14], built
on (H)op ⊗H . Multiplication in the double can be described in several ways, the formula
(13) is very convenient to compute the actions of D(H) on H . In the rest of this paper 〈 , 〉
denotes the evaluation of H ∗ on H .
2.6. Recall that H is an H-bimodule for the action γ ◦ h ◦ ξ = 〈ξ,h1〉h2〈γ,h3〉 for
all γ, ξ ∈ H, h ∈ H . Also, H admits a left H -module structure defined by (adlδ h)u =
(δ ◦ h1)uσ(h2) for δ is a group-like element of H. Using the fact that, H is H -bimodule
for the action h • ξ • l = 〈ξ3, h〉ξ2〈ξ1, l〉 for all l, h ∈ H,ξ ∈ H, from (6), H becomes a
left D(H)-module defined by
(ξ ⊗ h) δu= ((adlδ h)u) ◦ ξ = (adlδ h2)(u ◦ (σ(h3) • ξ • h1)). (14)
By a direct computation, (14) can be written as
(ξ ⊗ h) δu= 〈ξ,h1u1σ(h4)〉(δ ◦ h2)u2σ(h3). (15)
It follows from (11) that the right action of D(H) on H via g may be expressed as
follows
(h⊗ ξ) gγ = ((adlg ξ)γ ) • h= (adlg ξ2)(γ • (σ(ξ3) ◦ h ◦ ξ1)). (16)
In particular, one obtains from (8) that the right action of D(H) on H (via g ) is given by
u
g (ξ ⊗ h)= u2h
〈
ξ, σ (u1)gu3
〉
. (17)
As in (7), the right action of D(H) on H (via ) is given by
u (ξ ⊗ h)= (adr h)(ξ ◦ u)= σ(h1)u1h2〈ξ,u2〉. (18)
Similar, to the right action of D(H) on H (via g ), we have the left action g of D(H) on
H defined by
(ξ ⊗ h) gu= h2u2
〈
ξ,h1u1gσ(h3u3)
〉
. (19)
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γ
δ (h⊗ ξ)= γ2ξ
〈
σ ∗(γ1)δγ3, h
〉
. (20)
3. Relations between the different actions of D(H) on H
3.1. In this section we begin to study the important relations between the actions
of D(H) on H . We first review some notation. Throughout this section, H will be a Hopf
algebra of finite dimension over a commutative field k. Let σ be the antipode of H . For
all h ∈ H , define ξh ∈ H ∗ (respectively ξh ∈ H ∗) by 〈ξh, l〉 = 〈ξ, lσ (h)〉 (respectively,
〈ξh, l〉 = 〈ξ, σ (h)l〉). By [21] there is a non-zero left integral λ ∈H ∗, and non-zero right
integral t ∈ H . Note that ht = 〈α,h〉t for all h ∈ H (resp. λξ = 〈ξ, g〉λ for all ξ ∈ H ∗)
where α is the distinguished group-like element in H ∗ (resp. g the distinguished group-
like in H ). Then one sees from [21] that Θ :H → H ∗, Θ(h) = λh, gives a k-linear
isomorphism and one may recall that λh ◦ t = h for all h ∈H . We deduce that θ :H →H ∗,
θ(h) = λg−1σ−2(h) is a k-linear isomorphism. We remark by [19] that the λh and λh are
related by
λh = λσ 2(h◦α−1) for all h ∈H. (21)
Recall by [9] that for f ∈ Endk(H) we have the trace formula
Tr(f )= 〈λt1, f (t2)〉. (22)
In particular, if σ 2 = id then Tr(σ 2) = 〈λ,1〉〈ε, t〉 = dimH . Recall that the Radford
formula (see, for example, [18] and [15]) for the fourth power of the antipode is given by
σ 4(h)= g−1(α−1 ◦ h ◦ α)g. (23)
To establish the connection between the two actions
α−1
 and , we will need the following
lemma.
Lemma 2. For all ξ ∈H ∗, h ∈H
λg−1σ−2(h)ξ = λg−1σ−2(h◦ξ).
Proof. For v ∈H , we have
〈λg−1σ−2(h◦ξ), v〉 = 〈ξ, h1〉
〈
λg−1, vσ
−1(h2)
〉= 〈σ ∗(ξ), ε(v2)σ−1(h1)〉〈λg−1, v1σ−1(h2)〉
= 〈σ ∗(ξ), σ−1(v3)v2σ−1(h1)〉〈λg−1, v1σ−1(h2)〉
= 〈(σ ∗(ξ))σ−2(v3), v2σ−1(h1)〉〈λg−1, v1σ−1(h2)〉
= 〈λg−1(σ ∗(ξ))σ−2(v2), v1σ−1(h)〉.
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−2(v2) = λg−1〈ξ, v2〉 and by easy
computation, we find 〈
λg−1σ−2(h◦ξ), v
〉 = 〈λg−1, v1σ−1(h)〉〈ξ, v2〉
= 〈λg−1σ−2(h)ξ, v〉
as needed. ✷
3.2. Given h ∈ H define adr h ∈ Endk(H) by (adr h)l = σ(h1)lh2, where ∆(h) =
h1 ⊗ h2, and we denote by (adr h)τ the transpose of the right adjoint action of H defined
by 〈(adr h)τ ξ, v〉 = 〈ξ, (adr h)v〉 for all ξ ∈H ∗ and h,v ∈H . For g = 1 (resp. α = ε), we
denote
g (resp. α
−1
 ) by  (resp. ).
Lemma 3. If H is a finite-dimensional Hopf algebra then
D(H)
α−1
H H ∗D(H∗) .
Proof. Using θ , it is enough to show that θ((ξ ⊗ h) α
−1
 u) = θ(u) (h ⊗ ξ) for all
(ξ ⊗ h) ∈D(H) and u ∈H . On the one hand, by easy computation, we have
θ
(
(ξ ⊗ h) α
−1
 u
) = λ
g−1σ−2((ξ⊗h) α
−1
 u)
(24)
= λg−1σ−2(((adl
α−1 h)u)◦ξ)
(25)
= θ((adl
α−1 h
)
u
)
ξ, by Lemma 2. (26)
On the other hand, for all v ∈H one has〈(
adr h
)τ
θ(u), v
〉 = 〈λg−1σ−2(u), σ (h1)vh2〉
= 〈λ,σ(h1)vh2σ−1(u)g〉
= 〈λh1 , vh2σ−1(u)g〉
= 〈λσ 2(h1◦α−1), vh2σ−1(u)g〉, by (21)
= 〈λ,vh2σ−1(u)gσ 3(h1 ◦ α−1)〉
= 〈λ,vh2σ−1(u)σ−1(α−1 ◦ h1)g〉, by (23)
= 〈λg−1σ−2((α−1◦h1)uσ (h2)), v〉.
We deduce immediately the following result:(
adr h
)τ
θ(u)= θ((adl −1 h)u). (27)α
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〈
θ
(
(ξ ⊗ h) α
−1
 u
)
, v
〉 = 〈((adr h)τ θ(u))ξ, v〉
= 〈〈((adr h)τ θ(u)), v1〉ξ, v2〉
= 〈〈σ ∗((θ(u))1)(θ(u))3, h〉(θ(u))2ξ, v〉
= 〈θ(u) (h⊗ ξ), v〉, by (20)
as needed. ✷
As in (10) we see immediately that for all u,h ∈H,γ, ξ ∈H ∗〈
γ  (h⊗ ξ)〉= 〈γ,u (ξ ⊗ h)〉. (28)
Since H is a finite-dimensional Hopf algebra, it follows from (28) that(
HD(H)
)∗ H ∗D(H∗) . (29)
Using Lemma 3, we have
D(H)
α−1
H  (HD(H))∗.
This means, that the non-degenerate bilinear form ν :H × H → k given by ν(u, v) =
〈θ(u), v〉 satisfies
ν
(
(ξ ⊗ h) α
−1
 u,v
)= ν(u,v (ξ ⊗ h)).
Thus, we obtain the following relation between
α−1
 and  is given as follows
〈
θ
(
(ξ ⊗ h) α
−1
 u
)
, v
〉= 〈θ(u), v (ξ ⊗ h)〉.
Let t˜ be a left integral in H . We denote by 〈hξ , γ 〉 = 〈h,γ σH ∗(ξ)〉, 〈hξ , γ 〉 =
〈h,σH ∗(ξ)γ 〉 for ξ, γ ∈ H ∗, h ∈ H . We consider the k-linear isomorphism Θ˜ :H ∗ →
H, Θ˜(ξ)= t˜
α−1σ−2
H
(ξ)
, as in Lemma 2 we have
t˜
α−1σ−2
H∗ (ξ)
h= t˜
σ−1σ−2
H∗ (ξ•h). (30)
From (11), the action of D(H ∗) on H ∗ via g
−1
 is given by
(h⊗ ξ) g
−1
 γ = ((adl −1 ξ)γ ) • h, (31)g
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g−1 ξ)γ = (g−1 • ξ1)γ σH ∗(ξ2). Using (30), we obtain the dual version of the
Lemma 3, namely
D(H ∗)
g−1

H ∗ HD(H) . (32)
4. Character theory and character table
4.1. Let C be a coalgebra and let V be a finite-dimensional left C-comodule with
structure map ρ :V → C ⊗ V . Pick a basis {v1, . . . , vd } for V , and write ρ(vj ) =∑d
i=1 cij ⊗ vi . Larson [6] defines a character χV ∈ C of V by χV =
∑d
i=1(id ⊗ v∗i )ρ(vi).
One can check that this definition does not depend on the basis. If V is a simple left C-
comodule then χV is called an irreducible character and χV =∑di=1 cii , where (cij )i,j is
the matrix basis of the simple coalgebra associated with V .
4.2. Recall that the character table of G is the s× s matrix (χij ) whose rows are indexed
by the irreducible characters {χ1, . . . , χs} and columns by the conjugacy classes C1, . . . ,Cs
in G with cj =∑g∈Cj g, 1  j  s, the class sums. Each element of the character table
can be written as
χij = 1|Cj |.1
〈
χi,
∑
g∈Cj
g
〉
, (33)
where 〈·, ·〉 denotes the evaluation.
Using the dual structure of the group algebra CG, (33) can be interpreted as interaction
between a character associated to a CG-module and a character associated to a CG-
comodule. For legitimate purposes and more precisely to respect a natural principle of
the Hopf algebras, namely self-duality principle which is interpreted as follows in the case
of the character table.
If H is self-dual then H and H have identical character tables (34)
The character table for a Hopf algebra H must be equal to the transpose of the character
table of H. Then the self-duality principle or the symmetric principle for the character
table may be interpreted as follows
If H is self-dual then the character table of H is symmetric (35)
By (33) and to respect (34), each element of the character table for a Hopf algebra H ,
(not necessarily finite-dimensional), can be regarded as an evaluation of a character of H -
module and a character of H -comodule. However the fundamental question asked is how
to choose these modules and these comodules? This choice must respect the self-duality
principle (34), and of course in the case when a Hopf algebra is the group algebra for some
group G, we should obtain automatically the character table of the group. Thus, for a Hopf
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action  of D(H) on H defined in (14) and  of D(H) on H defined in (16) seem to
be the key ingredients to define the character table for the Hopf algebras.
4.3. Let {Wr } be isomorphism classes of finite-dimensional simple left D(H)-submod-
ules of H (via ). That is to say that each Wr is a left coideal of H and a left H -submodule
of H for the adjoint action given by H ⊗ H → H, h ⊗ u → h1uσ(h2). Let {Vs} be
isomorphism classes of finite-dimensional left irreducible D(H)-submodules of H (via
). Then, each Vs is a left coideal of H and a left H-submodule of H for the left
adjoint action. Since each Wr (resp. Vs) is finite-dimensional then each right H -comodule
Wr (resp. left H-comodule Vs ), contains a simple subcomodule. It follows by induction
on the dimension that the character χWr (resp. χVs ) associated to Wr (resp. Vs ) is finite
sum of irreducible characters {χi} (resp. χ˜j ) then χWr =
∑
i mi,rχi and χVs =
∑
j nj,s χ˜j
we denote by CWr =
∑
i m
2
i,r and CVs =
∑
j n
2
j,s . For the next definition of the character
table we choose only the simple left D(H)-submodules of H via  whose structures of
H-comodules are not isomorphic and also we choose the simple left D(H)-submodules
of H (via ) whose structures of H -comodules are not isomorphic. Then each element of
the character table is defined as follows:
χVs,Wr =
1
CWrCVs
〈χVs ,χWr 〉. (36)
Finally we obtain the character table associated to H , whose rows are indexed by
isomorphism classes of finite-dimensional irreducible D(H)-submodules of H via ,
which structure of H -comodules are not isomorphic and whose columns are indexed by
isomorphism classes of finite-dimensional irreducible D(H)-submodules of H via 
which structure of H -comodule are not isomorphic.
In the case that H is the group algebra of a finite group G over C each simple D(CG)-
submodule of CG via  is spanned by the elements in a conjugacy class of G. As an
algebra CG=⊕si=1Mni (C). Let {elij }nli,j=1 in CG be a set of matrix units corresponding
to the matrix algebraMnl (C) and assume that {εlij }nli,j=1 is the dual basis. Then,
∑nl
i=1 ε
l
ii
is the irreducible character associated to the matrix algebra Ml(C). An easy computation
shows that the irreducible characters of CG are the characters associated to the comodules
corresponding to each D((CG)∗)-submodule of (CG)∗ via . Finally by the above
definition we obtain the character table of the group algebra CG.
If H is a finite-dimensional Hopf algebra over a field k of characteristic 0, we can also
define the character table by using the two actions  and α
−1
 of D(H) on H defined in
(17) and (14). Using Lemma 3 and (36) we obtain the next definition.
4.4. Let {Wr } be isomorphism classes of finite-dimensional simple left D(H)-submod-
ules of H (via α
−1
 ). This means that each Wr is a left coideal of H and a left H -submodule
of H for the twisted adjoint action given by H ⊗ H → H, h⊗ u → (α−1 ◦ h1)uσ(h2).
Let {Us} be isomorphism classes of finite-dimensional right irreducibleD(H)-submodules
of H via . Then, each Us is a right ideal of H and right comodule for the coaction
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comodule Wr (resp. left H ∗-comodule Us ), contains a simple subcomodule, it follows
by induction on dimension that the character χWr (resp. χUs ) associated to Wr (resp.
Us ) is a finite sum of irreducible characters {χi} (resp. χ˜j ) then χWr =
∑
i mi,rχi and
χUs =
∑
j nj,s χ˜j we denote by CWr =
∑
i m
2
i,r and CUs =
∑
j n
2
j,s . For the next definition
of the character table we choose only the simple right D(H)-submodules of H via 
which structure of H -modules are not isomorphic and also we choose the simple right
D(H)-submodules of H (via α
−1
 ) which structure of H -comodules are not isomorphic.
Then let φs :Us ⊗ H → Us (resp. Wr is left H -comodule via ρr :Wr → H ⊗Wr ). The
following definition was suggested by A. Joseph. Observe that
Us ⊗Wr idUs⊗ρr−→ Us ⊗H ⊗Wr φs⊗ idWr−→ Us ⊗Wr
and define
χUs,Wr :=
1
CWrCUs
Tr
(
(φs ⊗ idWr )(idUs ⊗ρr),Us ⊗Wr
)
. (37)
Finally we obtain the character table associated to H , whose rows are indexed by
isomorphism classes of finite-dimensional irreducible D(H)-submodules of H via  ,
which structure of H -modules are not isomorphic and whose columns are indexed by
isomorphism classes of finite-dimensional irreducible D(H)-submodules of H via
α−1

which structure of H -comodule are not isomorphic.
Remark 4. As a consequence of Lemma 3 and (36), the character table of H ∗ is the
transpose of the character table of H . Then, when H is self-dual the character table of
H is symmetric.
In the case that H is the group algebra of a finite group G over C each simple D(CG)-
submodule of CG via  is spanned by the elements in a conjugacy class of G, and each
simple D(CG)-submodule of CG via  is spanned by the simple CG-submodules of CG.
Then by the above definition we obtain the character table of the group algebra CG. From
Remark 4, the character table of (CG)∗, is the transpose of the character table of CG.
5. Character formula for a semisimple Hopf algebra
5.1. In this section we indicate how the character table of a finite-dimensional Hopf
algebra over k may be obtained from the knowledge of two sets. Before stating the result,
we begin with a discussion for the group algebra over C of a finite group.
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idempotent elements of CG. Then each ei (see, for example, [5]) can be expressed in this
form:
ei = χi(1)|G|
∑
g∈G
χi(g)g
−1, (38)
where {χi}si=1 is the set of distinct irreducible characters.
Applying the antipode σ to the expression (38), we obtain
σ(ei)= χi(1)|G|
∑
g∈G
χi(g)g. (39)
Then, in terms of cj =∑g∈Cj g, where {Cj }sj=1 are the conjugacy classes of G (39) can
be written as
σ(ei)
χi(1)
= 1|G|
s∑
j=1
χij cj . (40)
Let {pg}g∈G be a basis of (CG)∗ dual to the basis of group elements in CG; that is
〈pg,h〉 = δg,h, all g,h ∈G. Then, from (40) we have
χij = |G||Cj |.1
〈∑
g∈Cj
pg
1
,
σ (ei)
χi(1)
〉
. (41)
Recall, that t = ∑g∈G g is an integral in CG and pe is an integral in (CG)∗. Since|G| = 〈pe, e〉〈ε, t〉, then in terms of Hopf algebra (41) may be expressed as follows:
χij =
〈
1
Cj
∑
g∈Cj
〈pe, e〉pg1 , 〈ε, t〉
σ(ei )
χi (1)
〉
. (42)
It is clear from (42) that the character table of the group algebra CG is determined by the
sets PG and EG which are given by
PG =
{
1
|Cj |
(∑
g∈Cj
〈pe, e〉pg1
)}s
j=1
, EG =
{
1
1
(
〈ε, t〉σ(ei )
χi (1)
)}s
i=1
. (43)
5.2. Throughout this section, H is a finite-dimensional semisimple Hopf algebra over
an algebraically closed field k of characteristic 0. Then one sees from [9] that H is
cosemisimple and σ 2 = id. We denote by M1, . . . ,Mn the basic set of simple H -modules.
As H is semisimple we have H ⊕ni=1 End(Mi) as an algebra and letting V1, . . . , Vs be
the basic set of simple H -comodules we have also H =⊕sj=1 End(Vj ) as a coalgebra. Let
ei the central primitive idempotent in H corresponding to Mi and ξj the central primitive
idempotent in H ∗ corresponding to Vj . In particular, by Lemma 1, D(H) is semisimple,
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as direct sum of simple H -comodules or sum of simple H -modules. In the next theorem
we denote by W1, . . . ,Wd the basic set of simple D(H)-submodules of H (via ) which
structure of H -comodule are not isomorphic then we have Wr =⊕lrj=1 V (nr,j )j . Also, we
denote by U1, . . . ,Uq the basic set of simple D(H)-submodules of H (via  ) which
structure of H -modules are not isomorphic, one has Us =⊕Lsi=1 M(ms,i )i .
The following theorem provides an analogue of the formula (41) for an arbitrary finite-
dimensional semisimple Hopf algebra.
Theorem 5.
χUs,Wr = dimH
〈
1
(
∑lr
j=1 n2r,j )
lr∑
j=1
nr,j
ξj
dimVj
,
1
(
∑Ls
i=1 m2s,i)
Ls∑
i=1
ms,i
σ (ei)
dimMi
〉
.
Proof. Recall that hVj :=∑dimVjl=1 hVjll . By the definition (37), we have
χUs,Wr =
1
(
∑lr
j=1 n2r,j )
1
(
∑Ls
i=1 m2s,i)
lr∑
j=1
nr,j
(
Ls∑
i=1
ms,i Tr
(
hVj ,Mi
))
. (44)
Since eiH =M(dimMi)i , define Ψji :H →H, h → hVj eih. Then
Tr
(
hVj ,Mi
)= 1
dimMi
Tr
(
hVj , eiH
)= 1
dimMi
Tr(Ψji,H).
Using the trace formula (22), we obtain Tr(Ψji)= 〈λ, hVj ei〉〈ε, t〉. Then we compute
Tr
(
hVj ,Mi
)= 〈ε, t〉
dimMi
〈
λ,hVj ei
〉= 〈ε, t〉
dimMi
〈
λ
h
Vj , σ (ei)
〉
.
Since ξ ◦ hVj = hVj ◦ ξ for all ξ ∈H ∗, then by Lemma 2, we have λ
h
Vj is central in H ∗.
Using the orthogonality relations [6], we obtain λ
h
Vj = 〈λ, 1H 〉dimVj ξj . Finally, we have
χUs,Wr =
〈
1
(
∑lr
j=1 n2r,j )
lr∑
j=1
nr,j 〈λ,1H 〉 ξjdimVj ,
1
(
∑Ls
i=1 m2s,i)
Ls∑
i=1
ms,i〈ε, t〉 σ(ei)dimMi
〉
.
Since 〈ε, t〉〈λ,1H 〉 = dimH , this establishes the result. ✷
Remark 6. As in the group algebra, the character table for a semisimple Hopf algebra of
finite dimension over k can be obtained from a knowledge of these two sets:
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{
1
(
∑lr
j=1 n2r,j )
(
lr∑
j=1
nr,j 〈λ,1H 〉 ξjdimVj
)}d
r=1
,
EH =
{
1
(
∑Ls
i=1 m2s,i)
(
Ls∑
i=1
ms,i〈ε, t〉 σ(ei)dimMi
)}q
s=1
.
6. Application
6.1. In this section, we compute an example of a character table. Namely, we construct
the sets PH and EH for the unique, up to an isomorphism complex semisimple Hopf
algebra of dimension 8 which is neither commutative nor co-commutative. It is described
as follows:
H = 〈1H, x, y, z, x2 = 1, y2 = 1, z2 = 1, zx = xz, yz= zy, yx = xyz〉
with coalgebra structure
∆x = xe0 ⊗ x + xe1 ⊗ y, ∆y = ye0 ⊗ y + ye1 ⊗ x, ∆z= z⊗ z,
〈ε, x〉 = 〈ε, y〉 = 〈ε, z〉 = 1.
The antipode is given by
σ(x)= xe0 + ye1, σ (y)= ye0 + xe1, σ (z)= z,
where e0 = 12 (1+ z), e1 = 12 (1 − z).
This example was first described by Kats and after by Masuoka [11]. More generally,
Masuoka [12] has constructed a finite family of semisimple Hopf algebras of dimension
p3 (where p is an odd prime) which is non-commutative and non-cocommutative.
As an algebra, H  C × C × C × C ×M2(C), where M2(C) denotes the algebra
of 2 × 2 matrices. It is easy to check that the center Z(H) of H is generated by
{1H , z, xe0, ye0, xye0} and the central primitive idempotents in H are given by
ε1 = σ(ε1)= e04 (1+ x + y + xy),
ε2 = σ(ε2)= e04 (1− x − y + xy),
ε3 = σ(ε3)= e04 (1+ x − y − xy),
ε4 = σ(ε4)= e04 (1− x + y − xy),
ε5 = σ(ε5)= e1.
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denote by G(H) the group of grouplike elements in H then
G(H)= {1H , z, xy(e0 + ie1), xy(e0 − ie1)}, (45)
where i2 =−1.
Since H  H ∗ (as Hopf algebra), then we have four simple H -comodules of
dimension 1 namely V1H ,Vz,Vxy(e0+ie1), Vxy(e0−ie1) and one simple H -comodule, V of
dimension 2. Using (45) we obtain all the structure of H -comodule of dimension 1, defined
by ρg(vg)= vg ⊗ g where g ∈G(H).
Let {v1, v2} be a basis of V and ρ the structure of simple left H -comodule V , then we
compute that
ρ(v1)= xe0 ⊗ v1 + xe1 ⊗ v2, ρ(v2)= ye1 ⊗ v1 + ye0 ⊗ v2.
Recall, that the left adjoint action of H on itself, adl is given by (adl h)u= h1uσ(h2) for
all h,u ∈H . It is easy to check that(
adl x
)
x = x, (adl x)y = y(e0 − e1), (adl x)xy = xy(e0 − e1). (46)
Observe that x and y are symmetrical, as (46) we have(
adl y
)
x = x(e0 − e1),
(
adl y
)
y = y, (adl y)yx = yx(e0 − e1). (47)
Since z is a central group-like element in H , then (adl z)h= h for all h ∈ H . Then, each
simple D(H)-submodule of H (via ), Wi for 1 i  5 is spanned by
W1 =C〈1H 〉, W2 =C〈z〉, W3 =C
〈
xy(e0 + ie1), xy(e0 − ie1)
〉
,
W4 =C〈xe0, xe1〉, W5 =C〈ye0, ye1〉.
Recall that each Wi for 1  i  5 is left H -module of H for the left adjoint action
and left H -comodule for the comultiplication. To compute the character table we choose
only the simple D(H)-submodules of H (via ) which structure of H -comodule are not
isomorphic then the character corresponding to each H -comoduleWi for 1 i  4 is given
by
hW1 = 1H , hW2 = z, hW3 = 2xye0, hW4 = xe0 + ye0.
Let {p1H ,pz,px,pxz,py,pyz,pxy,pxyz} be a dual basis of H . We can check that p1H
is right and left integral in H ∗. We have 〈p1H ,1H 〉 = 1. We denote by Z(H ∗) the center
of H ∗. Since H ∗ is semisimple then Z(H ∗) is semisimple. The basis of central primitive
idempotents in H ∗ is given by:
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ξ2 = pz,
ξ3 = 12
(
(1 + i)pxy + (1− i)pxyz
)
,
ξ4 = 12
(
(1 − i)pxy + (1+ i)pxyz
)
,
ξ5 = px + pxz +py + pyz.
Using this notation 〈(p1H )h, k〉 = 〈(p1H ), kσ (h)〉 for all h, k ∈H . Precisely, we have
(p1H )1H = p1H , (p1H )z = pz,
(p1H )xy(e0+ie1) =
1
2
(
(1+ i)pxy + (1 − i)pxyz
)
,
(p1H )xy(e0−ie1) =
1
2
(
(1− i)pxy + (1 + i)pxyz
)
,
(p1H )2(x+y)e0 = px + pxz + py + pyz.
Then Z(H ∗) can be written as:
Z(H ∗)= {(p1H )1H , (p1H )z, (p1H )xy(e0+ie1), (p1H )xy(e0−ie1), (p1H )2(x+y)e0}.
Finally, we obtain:
PH =
{
ξ1, ξ2,
1
2
(ξ3 + ξ4), ξ52
}
.
Recall that the right adjoint coaction of H on itself is given by ρr(h)= h2 ⊗ σ(h1)h3.
Since ε1 is an integral in H , then we have ρr(ε1) = ε1 ⊗ 1H . Also, we can easily check
that ε2 is cocommutative then we have ρr(ε2)= ε2 ⊗ 1H , since σ 2 = id.
Again, by immediate computation, we have:
ρr(e1)= e1 ⊗ e1 + e0 ⊗ e0, ρr (e0)= e0 ⊗ e0 + e0 ⊗ e1,
ρr (xe0)= xe0 ⊗ e0 + ye0 ⊗ e1,
ρr (ye0)= ye0 ⊗ e0 + xe0 ⊗ e1, ρr (xye0)= xye0 ⊗ e0 + xye0 ⊗ e1.
Then, we obtain:
ρr(ε1)= ε1 ⊗ 1H , ρr(ε2)= ε1 ⊗ 1H , ρr(ε3)= ε3 ⊗ e0 + ε4 ⊗ e1,
ρr (ε4)= ε4 ⊗ e0 + ε⊗ e1, ρr (ε5)= ε5 ⊗ 1H .
Consequently, each simple D(H)-submodule of H (via  ), Mi for 1  i  5 is spanned
by
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M4 =C〈ε55, ε56〉, M5 =C〈ε65, ε66〉,
where {ε55, ε56, ε65, ε66} is the set of matrix units in M2(C).
Recall that a D(H)-submodule of H (via  ), is a right ideal of H and a right comodule
for the coaction h → h2 ⊗ σ(h1)h3. To compute the character table we choose only the
ideals Mi which are not isomorphic. We denote by χi the character associated to each
ideal Mi for 1 i  5. Using Remark 6 we obtain:
EH =
{
8σ(ε1),8σ(ε2),
8
2
(
σ(ε3)+ σ(ε4)
)
,
8
2
σ(ε5)
}
. (48)
Finally by Theorem 5, we obtain the character table for the semisimple Hopf algebra H of
dimension 8, which is described as follows:
hW1 hW2 hW3 hW4
χ1 1 1 1 2
χ2 1 1 1 −2
χ3 1 1 −1 0
χ4 2 −2 0 0
Remark 7. This character table is symmetric, of course the symmetry of the character
table is a consequence of the self-duality. We observe that the character table satisfies
the orthogonality relations. Recalling that CW1 = 1, CW2 = 1, CW3 = 2, CW4 = 1 and
CM1 = 1, CM2 = 1, CM3 = 2, CM4 = 1. The orthogonality relations are given by
(i)
4∑
r=1
χMi,WrCWr χMj ,Wr =
dimH
CMi
δij ,
(ii)
4∑
i=1
χMi,WrCMiχMi,Ws =
dimH
CWr
δrs.
The class equation for semisimple Hopf algebra of dimension 8 is given by
4∑
r=1
χ2M1,WrCWr =
4∑
i=1
χ2Mi,W1CMi .
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